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Reconstruction techniques are commonly used in cosmology to reduce complicated nonlinear be-
haviours to a more tractable linearized system. We study a new reconstruction technique that
uses the Moving-Mesh algorithm to estimate the displacement field from nonlinear matter distri-
bution. We show the performance of this new technique by quantifying its ability to reconstruct
linear modes. We study the cumulative Fisher information I(< kn) about the initial matter power
spectrum in the matter power spectra in 130 N -body simulations before and after reconstruction,
and find that the nonlinear plateau of I(< kn) is increased by a factor of ∼ 50 after reconstruction,
from I ' 2.5 × 10−5/(Mpc/h)3 to I ' 1.3 × 10−3/(Mpc/h)3 at large k. This result includes the
decorrelation between initial and final fields, which has been neglected in some previous studies. We
expect this technique to be beneficial to problems such as baryonic acoustic oscillations, redshift
space distortions and cosmic neutrinos that rely on accurately disentangling nonlinear evolution
from underlying linear effects.
PACS numbers:
I. INTRODUCTION
Two-point statistics provide complete descriptions of
Gaussian density fields and can be computed efficiently
even for large data sets. However, nonlinear gravitational
evolution leads to highly non-Gaussian matter distribu-
tions which require higher order statistics to fully charac-
terize. Such statistics are computationally expensive and
can be challenging to map to cosmological parameters.
To mitigate these difficulties, it is common to transform
the matter field in a way that hopefully reduces non-
Gaussianity. For example, Gaussianization transforms
have been used to make the logarithmic distribution more
Gaussian [1, 2] and wavelet nonlinear Wiener filters have
been used to separate Gaussian and non-Gaussian com-
ponents of the density field [3–5]. Reconstruction tech-
niques [6] provide a more effective way by converting mat-
ter distributions back to an earlier stage [5].
The quality of these techniques can be quanti-
fied by computing the Fisher information [7] present
in the power spectrum before and after reconstruc-
tion/Gaussianization. Meiksin and White [8] were the
first to study the Fisher information in the nonlinear
matter power spectrum calculated from N -body simu-
lations. They found that the cumulative information has
a plateau on translinear scales (k ' 0.2 − 0.8 h/Mpc)
due to strong coupling between Fourier modes. Qualita-
tively, this means that the power spectra on these scales
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give little additional information. Ngan et al. [9] applied
the linear reconstruction using the Zel’dovich approxima-
tion on nonlinear density fields, and found that the cu-
mulative Fisher information increases slightly. Harnois-
De´raps et al. [5] computed the cumulative Fisher infor-
mation for various Gaussianization methods and their
combinations and found that while mode coupling is re-
duced, there is not necessarily an improvement in the
cross correlation between the initial density fields and
the final nonlinear ones.
In studies of Baryon Acoustic Oscillations (BAO), den-
sity fields are subjected to reconstruction which par-
tially inverts nonlinear evolution by applying the neg-
ative Zel’dovich displacement field [10, 11]. Yu et al.
[12] studied the curl-free, or E-mode, component of the
exact displacement field in Lagrangian space and found
that the linear density field can be well recovered by the
E-mode displacement field. This E-mode reconstruction
therefore provides a theoretical target for other recon-
struction techniques to be compared with. Recently Zhu
et al. [13, 14] described a new reconstruction technique
using the Moving-Mesh algorithm (MM), first described
in [15, 16], to effectively estimate Ψ(q) from only nonlin-
ear density fields. They further showed that even though
shell-crossing and vorticity are not recovered, linear den-
sity modes are still recovered up to scales relevent to the
BAO.
In this paper, we compute the Fisher information re-
covered after using this new reconstruction scheme on 130
independent N -body simulations, and compared with
other methods and unreconstructed fields. The paper
is organized as follows. In §II, we briefly describe the
computation of the displacement potential using MM al-
ar
X
iv
:1
61
1.
10
01
3v
2 
 [a
str
o-
ph
.C
O]
  1
4 D
ec
 20
16
2gorithm. In §III, we describe the simulations, implemen-
tation of the reconstruction and compare the power spec-
tra and cross correlations before and after reconstruction.
In §IV, we further compute the correlation matrix and
Fisher information before and after reconstruction. Fi-
nally, in §V, we summarize our results and discuss the
effectiveness of the reconstruction.
II. RECONSTRUCTION TECHNIQUE
Here we briefly review the MM algorithm used in the
new reconstruction technique; for a more complete de-
scription we refer the reader to [14]. The aim of the
MM algorithm is to estimate the displacement field of
mass elements in Lagrangian coordinates from their fi-
nal Eulerian position only, and from this estimated dis-
placement field one directly reconstructs the linear den-
sity field. The general principle is to relate the Eulerian
coordinates of a mass element, xi to a curvilinear system,
ξµ, such that the mass per grid cell is approximately con-
stant,
ρ
√
g = Const., (1)
where
√
g ≡ det ∣∣eiµ∣∣ is the volume element and eiµ ≡
∂xi/∂ξµ is the coordinate transformation matrix. These
coordinates are related via a deformation field, which we
assume to be a pure gradient:
xi = ξµδiµ +
∂φ
∂ξµ
δiµ, (2)
and φ is called the deformation potential which is chosen
to satisfy Eq. 1.
Numerically, we iteratively solve for the deformation
potential via a diffusion equation,
∂µ(ρ
√
geµi δ
iν∂ν φ˙) = ∆ρ, (3)
where ∆ρ = 〈ρ〉− ρ√g is the difference in density due to
displacing the grids. A detailed description of the ana-
lytical formulation can be found in the adaptive particle
mesh and moving mesh (MM) hydrodynamics algorithms
[15, 16]. Eq. 3 can be solved by multi-grid algorithm[14–
16]. Then the estimated displacement field is given by
Ψ˜(ξ) = ∇φ(ξ), (4)
and the reconstructed density field is given by
δR(ξ) = −∇ · Ψ˜(ξ) = −∇2φ(ξ). (5)
III. IMPLEMENTATION AND POWER
SPECTRA
We use CUBEP3M [17] to run 140 simulations with
a box size of 600 Mpc/h and 5123 particles. For these
simulations, we use cosmological parameters Ωm = 0.321,
ΩΛ = 1 − Ωm = 0.679, h = 0.67, σ8 = 0.83, and ns =
0.96. The initial conditions are computed by transfer
function [18] at z = 100. Zel’dovich approximation is
used to calculate the displacement and initial velocities
of particles.
We use the Voronoi tessellation method [19] to esti-
mate the density contrast δN = ρ/〈ρ〉 − 1 (N stands
for nonlinear) from particle distributions, and apply the
MM reconstruction to these fields with 5123 grids. The
reconstruction code solves the displacement potentials it-
eratively until the root mean square (rms) of the results
drop from ∼ 7.5 to 0.20. The compression limiter is set
to be 0.1 [14–16]. For different simulation samples, a dif-
ferent number of iterations are required to get the results
of the same rms. A total of 130 simulations converged to
the target rms within 2000 iterations, and we use these
results for the calculation in this paper. A 2-D projection
of one layer of the deformed mesh and the original den-
sity field on the mesh are shown in Fig. 1. As expected,
the deformed mesh traces the structure very well and the
deformed grids do not cross each other, even in the 2-D
projection.
We study the Fisher information in the matter power
spectra. More generally, the cross power spectrum
Pαβ(k) for species α and β (α = β for auto power spec-
trum) is defined as
〈δ†α(k)δβ(k′)〉 = (2pi)3Pαβ(k)δ3D(k − k′), (6)
where δα and δβ are any two fields and δ3D is the three-
dimensional Dirac delta function. We typically consider
instead the dimensionless power spectrum, ∆2αβ(k), de-
fined as
∆2αβ(k) ≡
k3Pαβ(k)
2pi2
. (7)
In the left panel of Fig. 2, we show the matter auto power
spectrum of linear theory density fields δL, nonlinear den-
sity fields (δN ) from simulations and reconstructed den-
sity fields (from Eq. 5). For the simulation results, we
use the average value of all 130 simulations and show 1σ
standard deviations as error bars.
To quantify the cross-correlation between fields, we
compute the cross correlation coefficient rαβ(k) ≡
Pαβ/
√
PααPββ . In the right panel of Fig. 2, we show
rNL and rRL. We see that, compared with δN , δR cor-
relates with δL on much wider range of scales. We com-
pare our reconstruction correlation coefficient to that of
the E-mode reconstruction, rEL, computed in Yu et al.
[12]. Even though rRL decreases from rEL in the nonlin-
ear regime due to the fact that the MM reconstruction
cannot recover the shell-crossing present on these scales,
we find that linear modes are recovered successfully on
scales k ' 0.05−0.3 h/Mpc. Specifically, the scale where
r(k) = 1/2 increases from k ' 0.2 h/Mpc to 0.8 h/Mpc
after reconstruction. In comparison with the results of
Zhu et al. [14], which showed r(k ' 0.9h/Mpc) = 1/2,
we find the correlation coefficient falls off at slightly lower
wave numbers, which we attribute to using fewer parti-
cles per simulation.
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FIG. 1: Illustration of MM reconstruction. The 2-D projection of one layer of the deformed mesh of a sample N -body
simulation is shown as curved white lines. The density ρ/〈ρ〉 = 1 + δ on the mesh is shown underneath. For clarity, the scale
of the density field is cut to 300 Mpc/h, and only every other grid line is plotted.
IV. FISHER INFORMATION CONTENT
Mathamatically, the Fisher information I of the initial
scale invariant matter power spectrum, A, is defined as
IA ≡ −
〈
∂2lnL
∂lnA2
〉
, (8)
where L is the likelihood [20]. In this paper, the word
“information” and the symbol “I” both implicitly mean
cumulative Fisher information of A. For Gaussian fields,
the likelihood depends on parameters only through the
power spectrum P (k), so I can be written as
I = −
〈∑
k,k′
∂lnP (k)
∂lnA
∂2lnL
∂lnP (k)∂lnP (k′)
∂lnP (k′)
∂lnA
〉
, (9)
where the angle bracket averages over realizations [7].
Eq. 9 can be written in a simpler form in two aspects.
Firstly, we simplify the derivative term ∂lnP (k)/∂lnA.
For a given density field δα, we can conveniently decom-
pose it into a correlated, linear component, and an un-
correlated, noise component with respect to δL,
δα(k) = r
′(k)δL(k) + δn(k), (10)
where δn(k) is defined such that the correlation
〈δ†L(k)δn(k)〉 = 0. To solve r′, we correlate both sides
with δL and the uncorrelated noise term drops out,
〈δ†L(k)δα(k)〉 = r′(k)〈δ†L(k)δL(k)〉. (11)
Using the definitions of cross correlation coefficient,
rαL(k) ≡ PαL/
√
PααPLL and bias, b
2(k) ≡ Pαα/PLL,
we can solve for r′ as
r′(k) =
PαL(k)
PLL(k)
= rαL(k)b(k). (12)
To find the nonlinear term, we square both sides of Eq. 10
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FIG. 2: Left. The dimensionless power spectrum computed via linear theory (black), the mean value of 130 N -body simulations
with 1σ error bars (blue), and reconstruction of the simulations (red). Right. The cross correlation coefficient between simulation
and linear densities rNL (blue), MM reconstructed and linear densities rRL (red), and E-mode reconstruction rEL (dashed blue)
from Yu et al. [12].
and the cross term of the right hand side vanishes,
〈δ†α(k)δα(k)〉 = r2αL(k)b2(k)〈δ†L(k)δL(k)〉+ 〈δ†n(k)δn(k)〉,
(13)
and find
Pαα(k) = r
2
αL(k)b
2(k)PLL(k) + Pnn(k). (14)
With the help of Eq. 12 and Eq. 14, we get
∂lnP (k)
∂lnA
= r2αL(k)b
2(k)
PLL(k)
Pαα(k)
= r2αL(k). (15)
Secondly, we simplify ∂2lnL/∂lnP (k)∂lnP (k′) by using
the fact that its expectation value is the Fisher matrix.
For Gaussian fields, this is equal to the inverse of the co-
variance matrix which is diagonal with elements given by
the number of modes in each bin (when considering k and
−k as the same mode). We can extend this definition to
non-Gaussian fields, by taking into account that the co-
variance matrix is no longer diagonal [7]. Thus, we write
the Fisher information in terms of matrix multiplication:
I (< kn) = r
2(k)T
[
C−1norm(k, k
′)
]
<kn
r2(k′), (16)
where
Cnorm (k, k
′) =
Cov(k, k′)
〈P (k)〉〈P (k′)〉 (17)
is the normalized covariance matrix, and r is the mean
cross correlation of a given density field with δL and the
subscript < kn indicates the matrix elements are set to
zero for modes k, k′ > kn. The covariance matrix is de-
fined as
Cov (k, k′) ≡
∑N
i,j=1 [Pi (k)− 〈P (k)〉] [Pj (k′)− 〈P (k′)〉]
N − 1 ,
(18)
where N is the total number of simulations and angle
bracket average these simulations.
The cross-correlation coefficient matrix, or for short
the correlation matrix, is defined as
Corr (k, k′) =
Cov (k, k′)√
Cov (k, k) Cov (k′, k′)
, (19)
representing the correlation between different k modes.
The correlation matrices for nonlinear and reconstructed
power spectra are shown in the upper-left and lower-right
sections of Fig. 3. By definition, the correlation matrix is
symmetric with unit diagonal allowing us to overlay the
two matrices. For the nonlinear case, it is almost diagonal
in the linear regime, k . 0.07 h/Mpc. The off-diagonal
elements are produced by strong mode coupling on non-
linear scales and the super-survey tidal effect which is
small on linear scales but dominates in the weakly nonlin-
ear regime [21]. The correlation matrix for the nonlinear
power spectra has a small amount of negative elements
(Corr & −0.18), which should vanish with more simula-
tions [22]. For the reconstructed correlation matrix, the
linear regime extends up to k ' 0.3 h/Mpc. However, the
number and magnitude of negative off-diagonal elements
also increases (Corr & −0.49).
The Fisher information is proportional to the vol-
ume. We plot the Fisher information per unit volume
of the power spectra of δN , δL and δR in the left panel
of Fig. 4. The Fisher information of the linear power
spectra is equal to the cumulative number of k-modes,
Nk. As expected, Fisher information of δN decreases
from that of δL on scale k ' 0.05 h/Mpc, and has a
flat plateau on small scales, with a saturated value of
I ' 2.5 × 10−5/(Mpc/h)3, indicating the absence of in-
dependent information in the nonlinear regime. In com-
parison, the information curve of the δR power spectra
keeps increasing roughly the same as the linear infor-
mation until k ' 0.3 h/Mpc, and reaches a value of
I ' 1.3 × 10−3/(Mpc/h)3 at k ' 2.7 h/Mpc, a factor
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FIG. 3: The correlation matrix from 130 nonlinear power
spectra (the upper triangular elements) and reconstructed
power spectra (the lower triangular elements).
of 50 times greater than IδN . As an example to illustrate
its strength, we compare the Fisher information given
by the MM reconstruction method with the logarithmic
density mapping method [2]. We find that MM recon-
struction gives over 10 times more information. It also
appears to perform significantly better than the standard
BAO reconstruction using the Zel’dovich approximation
[9], although a direct comparison is left for future work.
To test the upper limit of information that the MM
reconstruction can recover, we also checked the Fisher in-
formation given by δE [12] as a reference, which indicates
the maximum possible information available via recon-
struction procedures. We find that IδE is 3 times higher
(150IδN ) than MM reconstruction. This gives motivation
to continue to develop and optimize our reconstruction
algorithms to achieve this theoretical target.
In some previous works, the cross correlation r2 terms
have been set to unity in Eq. 16, which artificially in-
creases the information. To demonstrate this, we plot
this case in the right panel of Fig. 4. We see that neglect-
ing r2 causes there to be an artificial increase in informa-
tion on small scales (k & 1h/Mpc). We also see that the
information of the logarithmic density mapping is much
higher than it is in the left panel. Including the correla-
tion coefficient ensures that the information we compute
is that present in the initial conditions and not spuriously
induced by the transformation procedure. This therefore
resolves the problems discussed in Harnois-De´raps et al.’s
[5] section “Information about what?” We conclude that,
in the context of BAO analysis and extracting other pri-
mordial cosmological parameters, we should take into ac-
count the correlation term r2 and use Eq. 16 to compute
the Fisher information.
Another way to quantify the nonlinear scale of δα is
via the information plateau’s linear equivalent scale, kp,
satisfying
IδL(kp) = Iδα(k →∞). (20)
In the left panel of Fig. 4, we can see that kp is just
the scale on which the horizontal dotted line crosses IδL
curve. Practically, we use Iδα (k = 2.7 h/Mpc) as a proxy
of Iδα(k →∞), where k is large enough such that r → 0,
ensuring the convergence, or saturation of Iδα . We find
that for δN , kp ' 0.15 h/Mpc. The MM reconstruction
increases kp to 0.4 h/Mpc, whereas the logarithmic den-
sity mapping method only increases it to 0.19 h/Mpc.
V. CONCLUSION
We study the Moving-Mesh algorithm’s ability to es-
timate the underlying displacement field and reconstruct
the linear density fields using 130 cosmological N -body
simulations. We measure the power spectra and the asso-
ciated covariance of the nonlinear density fields, and the
reconstructed density fields. We quantify the result by (i)
cross-correlating them with the linear density fields, (ii)
studying the k-mode coupling in the correlation matrix,
and (iii) computing the cumulative Fisher information
contained in these power spectra. We also compared
with the E-mode reconstruction and logarithmic den-
sity mapping Gaussianization techniques. We find that
Moving-Mesh method gives better results than previous
works (e.g. [2, 3, 5]), and on scales relevant to the BAO,
our result approaches the optimal E-mode reconstruc-
tion. Future steps include quantifying Halo Poisson noise
and bias contamination from realistic measurements, and
determining the quantitative impact on BAO and RSD
measurements.
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